Abstract: High quality chaotic signal generation in a mutually delay coupled semiconductor lasers (MDC-SLs) system is numerically explored by evaluating the time-delay signature (TDS) and complexity of chaotic signals. Autocorrelation function is utilized for quantitatively identifying the TDS of chaotic signal, and Kolmogorov-Sinai entropy and Kaplan-York dimensions are applied to estimate the complexity of chaotic signal. The results show that, under suitable parameters, two sets of chaotic signals with weak TDS and high complexity can be obtained simultaneously. By analyzing the influences of the mutual coupling strength and frequency detuning between the two MDC-SLs on the TDS and complexity of chaotic signals, the optimized parameter regions are specified for simultaneously generating two sets of high quality chaotic signals based on the MDC-SLs system.
Introduction
Optical chaos has attracted extensive attention for its potential applications in secure optical communication [1] - [4] , fast physical random number (PRN) generation [5] - [8] , chaotic lidar [9] , logic gate [10] and so on. Since semiconductor lasers (SLs) can be readily driven into chaotic state under additionally external perturbation such as optical injection (OI), optical feedback (OF), and optoelectronic feedback (OEF), the SL under external perturbation is one of the most commonly used chaotic source. Among these external perturbations, the time delayed feedback (OF or OEF) is more desirable for generating higher complex degree chaotic signal. However, chaotic signals generated by such a time-delay system usually contain obvious time-delay signature (TDS) [11] , [12] , which is undesirable in some special application scenarios. For example, in optical chaos secure communications, the chaotic carrier may be reconstructed by eavesdroppers via chaos analysis technique once the TDS is extracted [13] , and then the security of system will be threaten. For fast physical random number (PRN) generation, the TDS induces recurrence features and then partly affects the statistical performance [6] , [14] . Therefore, in order to obtain high quality chaotic signal, the first step is to eliminate the TDS of chaotic signal generated by the SL-based time-delayed feedback system. So far, much effort has been focused on hiding the TDS of chaotic signals [11] , [12] , [15] - [26] . For typical single optical feedback (SOF) SL system, Rontani et al. demonstrated that when the feedback rate is moderate and the injection current set such that the laser relaxation-oscillation period is close to the delayed time, the time-delay identification becomes extremely difficult [11] , [12] . For double optical feedback (DOF) SL systems, Lee et al. pointed out that, the TDS cannot be extracted accurately if the length of the two feedback cavities is fractional [18] . Our group also has experimentally and numerically investigated the TDS of chaos in SOF and DOF SL systems [22] - [24] . In particular, we use another SL as a nonlinear active optical feedback device to construct a mutually delay coupled semiconductor lasers (MDC-SLs) system, and investigate the TDS concealment of chaotic signals [25] , [26] . Such MDC-SLs system possesses the superiority for simultaneously generating two sets of chaotic signals, which can be used for multi-channel PRN generation [7] .
Besides TDS, the complexity is another important index to assess the quality of generated chaotic signal, which is vital to some practical applications [14] , [27] - [32] . For chaos-based secure communication, an eavesdropper can reconstruct easily the chaotic attractor and make predictability of the message if the chaotic carrier possesses low complexity [28] . For chaos-based PRN generation, chaotic entropy with low complexity results in the generated PRN with low-randomness [14] . Therefore, the chaotic signal with high complexity will be essential.
Based on above analysis together with physical complication of MDC-SLs system and its chaos related applications, in this work, we will devote to explore high quality chaotic signal generation with weak TDS and high complexity in MDC-SLs systems. Here, the used SLs are assumed to be singlemode distributed feedback semiconductor lasers (DFB-SLs). First, based on the rate equations for SLs in a MDC-SLs system, the time series outputs from two SLs can be numerically simulated via MATLAB. Second, the maximum Lyapunov exponent (MLE), which is one of the most important measures for the stability of nonlinear dynamical systems, is utilized to judge the dynamical state of SLs, and then the parameter space composed of the mutual coupling strength and frequency detuning between the two SLs is determined for simultaneously generating two sets of chaotic signals. Next, through calculating autocorrelation function (ACF) of the two chaotic signals, the parameters scope for generating two sets of chaotic signals with weak TDS is further determined. Finally, through adopting high reliability Kolmogorov-Sinai (KS) entropy and Kaplan-Yorke (KY) dimension to evaluate the complexity of the chaotic signals based on Lyapunov spectrum analysis [33] , the optimal parameter region for generating two sets high-quality chaotic signals with both weak TDS and high complexity is specified. Fig. 1 shows the schematic of a MDC-SLs system. In such system, the adopted SLs are distributed feedback SLs (DFB-SLs), and the mutually coupling strength between them can be controlled by a variable attenuator (VA).
System Model and Theory
Based on the Lang-Kobayashi rate equations, the rate equations for SLs in a MDC-SLs system can be described by [34] :
where subscripts 1 and 2 stand for SL1 and SL2, respectively. E is the slowly varying complex electrical field amplitude, and J is the injection carrier rate. N is the carrier density, and N 0 is the carrier density at transparency. α is the linewidth enhancement factor, g is differential gain coefficient, and ε is the gain saturation coefficient. τ N is carrier lifetime, and τ p is the photon lifetime. τ L is the round-trip time in internal cavity, and τ is the delayed coupling time. k is the coupling coefficient, and k/τ L is the mutual coupling strength (k c ). ƒ is the frequency for free-running laser, and
is the frequency detuning between the two SLs. Autocorrelation function (ACF) is adopted to identify the TDS of chaotic time series in this work, which is described as follows [11] , [12] 
where I (t) = |E (t)| 2 , < > represents time average, and t is the lag time. The complexity in dynamical systems can be analyzed with different techniques such as statistical complexity [35] , [36] , permutation entropy [37] - [39] , non-triviality measure [40] , correlation dimension [41] , Kolmogorov-Sinai (KS) entropy [27] , [33] , [42] and Kaplan-Yorke (KY) dimension [27] , [33] , most of which are based on statistical measurement of time series analysis using observed data that includes undesirable noise. However, KS entropy and KY dimension, which are measured methods of complexity based on Lyapunov spectrum analysis, maybe more reliable since the complexity can be obtained through integrating the linearized rate equations of SLs. As pointed out in [27] , [33] , KS entropy indicates the divergence of tiny errors on a chaotic trajectory in a multidimensional phase space, and meanwhile KY dimension characterizes the minimum degree of freedom to describe the dynamics of system. In the following discussion, the complexity will be evaluated through calculating both KS entropy and KY dimension.
In order to calculate KS entropy and KY dimension, Lyapunov spectrum should be obtained firstly. For a time-delayed system, there exist many Lyapunov exponents (LEs). All the LEs are ordered from the largest to the lowest values, that is,
. ., and the set of LEs (λ 1 , λ 2 , . . . , λ m , . . .) is named as Lyapunov spectrum. Based on the Lyapunov spectrum, KS entropy and KY dimension can be calculated. KS entropy is estimated from the sum of all the positive LEs [27] , [33] ,
and KY dimension is calculated from the Lyapunov spectrum [27] , [33] , where the integer j satisfies the following inequalities:
After normalizing and linearizing Eqs.
(1)-(3), Lyapunov spectrum can be calculated by adopting the method proposed in [33] . Table 1 is a list of used parameter values during the simulations, where for simplicity the parameters of SL1 and SL2 are assumed to be identical except the coupling strength and the frequency detuning between the two SLs are variable within a finite range.
Results and Discussion

Parameter Region Required for Chaotic Output
Maximum Lyapunov exponent (MLE) is one of the most important measures for the stability of nonlinear dynamical systems, and the existence of a positive MLE is one of widely acceptable evidences of deterministic chaos. MLE can be obtained based on rate equations of a dynamical system or with the help of experimentally measured time series [33] , [43] , [44] . Here, based on Eqs. (1)- (3), after numerically calculating the time series by MATLAB, the method proposed in [33] is adopted to extract MLE. Fig. 2 shows bifurcation diagrams and corresponding MLE of SL1 and SL2 as a function of mutual coupling strength. For k c < 2.7 ns −1 , the MLE is negative or close to zero, which correspond to the regions of steady-state, periodic oscillations, or quasi-periodic oscillations. With the increase of k c from 2.7 ns −1 , MLE becomes positive and increases gradually, which demonstrates that both the two SLs enter chaotic states.
Besides coupling strength k c , frequency detuning ƒ is another key parameter to determine dynamical states of MDC-SLs. In order to specify the parameter region in which MDC-SLs operate at chaotic states, maps of MLE in the parameter space of k c and ƒ are displayed in Fig. 3 , where different color characterizes different value of MLE. From this diagram, the upper boundary of the non-chaotic region (dark blue) for SL1 (SL2) presents a clear shapes as the Letter 'V' but show a slightly asymmetrical feature to the frequency detuning. The region above the boundary of the Letter 'V', SL1 (SL2) behave chaotic oscillation. Moreover, through observing this diagram carefully, a mirror symmetry relationship can be found between the evolution maps of SL1 and SL2. That is to say, the left part of SL1's maps is similar to the right part of SL2's maps meanwhile the right part of SL1's maps is similar to the left part of SL2's maps, which is originated from the structural mirror symmetry being described by Eqs. (1)-(2).
Parameter Region for Generating Weak TDS Chaotic Signals
By using the fourth order Runge-Kutta algorithm, Eqs. (1)- (3) is normalized and numerically solved, and then the time series outputs from SL1 and SL2 can be obtained, Furthermore, corresponding ACFs can be calculated. In Fig. 4 , the time series and corresponding ACFs are depicted for ( f, k c ) = (0, 27 ns −1 ) (the upper two rows) and ( f, k c ) = (0, 12 ns −1 ) (the below two rows), respectively. As shown in this diagram, both the two time series outputs from SL1 and SL2 are chaotic signals, but the chaotic temporal waveforms are quite different even if the two SLs are set by the same parameters. The reason is that, in a MDC-SLs configuration, the synchronization solution is unstable, and slight disturbances will make two SLs finally export two different waveforms. As a result, such MDC-SLs system possesses the superiority for simultaneously generating two sets of chaotic signals. However, the ACF for SL1 is similar to that for SL2. The reason is that, as demonstrated by our previous work [26] , there exists a mirror symmetry relationship between the evolution maps of SL1 and SL2 with respect to frequency detuning. As a result, for f = 0, the ACF evolutions for SL1 and SL2 behave similar. Although it seems difficult to extract TDS directly from the chaotic waveforms [see Fig. 4 (a1) and (b1)], the delay coupling time can still be clearly extracted from the peak locations by ACF [see Fig. 4 (a2) and (b2)] when ( f, k c ) = (0, 27 ns −1 ).
However, for ( f, k c ) = (0, 12 ns −1 ), the delay coupling time is difficult to extract from ACF since the TDS is very weak. Therefore, the TDS can be suppressed efficiently through selecting suitable parameters. In the following discussion, we define the amplitude σ to characterize whether the TD signature is obvious or not. The amplitude σ is the maximum ACF peak within a t of [1.6 ns, 2.4 ns].
In order to investigate thoroughly the influences of k c and ƒ on the TDS of chaotic signals, Fig. 5 shows the evolution maps of the TDS in the parameter space of k c and ƒ. The black lines are 
Parameter Region for Generating Chaotic Signals With Both Weak TDS and High Complexity
As mentioned above, in order to calculate KS entropy and KY dimension, the first step is to calculate Lyapunov spectrum. Fig. 6 exhibits the 30 largest Lyapunov exponents (LEs), KS entropy (h KS ) and KY dimension (d K Y )as a function of k c for ƒ is set at 0 GHz. As shown in this diagram, the MDCSLs system possesses hyperchaotic behavior once k c > 3.2 ns −1 since there exist more than one positive LE. With the increase of k c from 2.6 ns −1 to 10 ns −1 , all LEs and the number of positive LEs increase, which is a typical feature for time-delay dynamical systems [27] , [45] . Accordingly, h K S and d K Y for both two SLs increase with the increase of k c . Additionally, the variation trends of h K S and d K Y are similar for both two SLs, which is due to that the roles of the two SLs can be interchanged for f = 0. Certainly, for ƒ takes other values except 0, the obtained results for SL1 will be different from that for SL2.
Next, we will analyze how ƒ affects the complexity of chaotic signals generated by the MDC-SLs system. Fig. 7 simulates the 60 largest LEs, h K S and d K Y as a function of ƒ for k c = 9 ns −1 . As shown in Fig. 7(a1) and (b1), the variation of LEs with ƒ is complex, and relatively small | ƒ| is helpful for generating chaotic signal with much more positive LEs. For −10GHz ࣘ ƒ ࣘ 10 GHz, the two lasers simultaneously be have hyperchaotic (more than one positive LE). Combining Fig. 7(a2, b2) and (a3, b3) , one can observe clearly that the mirror symmetry relationship between SL1 and SL2 also exists. Moreover, the chaotic signal output from the SL with a lower oscillation frequency possesses relative high h K S and d K Y . For k c = 9 ns −1 , the peak location emerges at about f = −5 GHz for SL1 and about f = 5 GHz for SL2, respectively. Though it is impossible to generate simultaneously two sets of chaotic signals with the highest complexity(whose complexities take their maxima) due to mirror symmetry relationship of the MDC-SLs system, two sets of high quality chaotic signals with weak TDS and very high complexity can still be generated simultaneously within the optimal parameter region of 13 ns −1 < k c ≤ 18 ns −1 and ƒ near 0 GHz.
By the way, it should be pointed out that though this research is based on DFB-SLs, for other SLs such as vertical-cavity surface-emitting laser (VCSELs) or quantum dot lasers (QDLs) similar analysis can also be conducted by modifying rate equations.
Conclusion
In summary, we have conducted a detailed simulation investigation on the high quality chaotic signal generation in a MDC-SLs system, where the TDS and complexity are adopted as two vital measures to assess the quality of generated chaotic signals. TDS is identified by autocorrelation function (ACF) while the complexity is evaluated by Kolmogorov-Sinai (KS) entropy and Kaplan-York (KY) dimension. Via by time series analysis and TDS extraction, the parameter space composed of the mutual coupling strength k c and frequency detuning ƒ is firstly determined for generating two sets of chaotic signals with low TDS. As a result, by further simulating KS entropy and KY dimension of chaotic signals, some optimal parameter regions for simultaneously generating two sets of high quality chaotic signals with both low TDS and high complexity have been specified. We believe that this work would be helpful for high quality chaotic carrier generation and its related applications.
